Abstract. A self-dual, localized solution to the classical SU(2) Yang-Mills equation in Euclidean spacetime, which formally possesses infinite action, is investigated in view of its U(1) charge content after Abelian projection. This is suggested by noting that the solution satisfies 't Hooft's differential projection condition away from the singularities. As a result the existence of dynamical, magnetic charge of finite lifetime is established. A covariant cutoff for the action is introduced by demanding the solution to be close to an instanton topologically. This is in analogy to the calculation of the mass of a point charge in classical electrodynamics or the subtraction of diverging self-energies of magnetic monopoles as discussed in the literature. The Wilson loop is evaluated in the background of a dilute gas. Assuming identical integrals over size distributions, the corresponding static quark/anti-quark potential at infinite spatial separation can be seizably higher than the potential in a dilute instanton gas.
Introduction
Quantum Chromodynamics (QCD) [1] is widely accepted as the theory of strong interactions due to its experimentally verifyable feature of asymptotic freedom in the UV momentum regime (see for example ref. [2] and references therein). A perturbative treatment of the theory in the IR domain is excluded by a large coupling constant. Non-perturbative techniques are necessary and partial successes in explaining the low energy phenomenology of strong interactions, such as spontaneous chiral symmetry breaking and the axial U(1) problem, have been achieved this way (see ref. [4] and references therein). However, the basic observation that no free color charges exist in nature is understood only poorly so far.
The dual superconductor picture of the non-perturbative QCD vacuum dates back to the mid seventies [3] . It pro-vides an appealing mechanism for color confinement due to the formation of color electric fluxtubes linking colored objects immersed in a condensate of magnetic charges.
The resulting potential, linear in the (large) separation between the charges, is determined by an effective, universal scale − the string tension. The occurence of magnetic charges in SU(n) Yang-Mills theory was made transparent in the process of the so-called maximal Abelian gauge fixing (MAGF) [6] . Due to this fixing gauge transformations belonging to the maximal Abelian subgroup U (1) n−1 of SU(n) are unconstrained and the resulting Abelian gauge theory has electric and magnetic charges. A rather successful model − the dual Ginzburg-Landau theory − has been employed to effectively mimic the low energy sector of SU(n) Yang-Mills theory after MAGF [7] . To classically describe the deconfinement phase transition induced by finite temperature a non-renormalizable version of the dual Ginzburg-Landau theory has been put forward recently [8] .
Yet no analytical derivation of magnetic monopole condensation has been given although rather impressive results were obtained from the lattice [9] . However, the lattice detection of monopole trajectories has its inherent uncertainties (see below). Exact classical solutions to the Yang-Mills equations subjected to Abelian projection have been investigated more recently in view of their magnetic charge content [10, 11, 12] . Concerning charges of finite lifetime the results are not conclusive in the case of instantons since either the gauge fixing functional diverges for noninfinitesimal monopole trajectories [10] or the monopole loop is infinitesimal [11, 12] . The investigation of field configurations, which are not exact solutions to the YangMills equations (instanton/anti-instanton pair), are usually carried out on the lattice. Since the lattice provides a UV cutoff and thereby has a limited resolution and since only approximative solutions have been looked at the claimed detection of finite monopole loops is not well established.
The purpose of this work is to point out the presence of long-lived magnetic charge due to exact, self-dual solutions to the SU(2) Yang-Mills equations and to investigate their effect on the static quark potential at infinite separation. The fact that a solution possessing infinite action has a vanishing contribution to the partition function is delt with by an appropriate subtraction in the spirit of ref. [5] . The divergence of the action is traced back to singularies of the action density on a hypersurface. In ref. [6] the appearance of magnetic monopoles in SU(n) gauge theory was made manifest after imposing a nonpropagating gauge which leaves the maximal Abelian subgroup U(1) n−1 invariant. This gauge condition demands that a matrix quantity, say the field strength component F 12 , transforming homogeneously under gauge transformations, be diagonal. In particular, for the case of SU (2) it is easy to shown that at points, where this condition is no constraint on the corresponding gauge transformations, the inhomogeneous part of the gauge transformation of A µ is singular and contains an Abelian, magnetic monopole [13] . Due to the Coulomb-like behavior of the magnetic field strength in the vicinity of such a point the action of the field configuration formally diverges, and hence it must be regularized phenomenologically. The solution discussed obeys the differential Abelian projection condition away from the singularities, and hence the restriction to its diagonal component is suggested.
In the present work magnetic charge is identified by Summarizing, the line of reasoning in this work is as follows: Classical, self-dual, infinite action solution, which is regular almost everywhere, possesses a converging action integral in the infinite, and is in Abelian gauge (Section 2) → presence of magnetic charge ⇒ infinite action (Section 3) → phenomenological action regularization (Section 4). In addition, the static quark/anti-quark potential in a dilute gas is calculated for infinite spatial separation in Section 5. Thereby, the integral over size distribution is assumed to be identical to that of the instanton case. The result is compared to the potential due to a dilute instanton gas.
Classical solution
A class of winding, BPS staturated solutions to the SU (2) classical Yang-Mills equations in Euclidean spacetime was found a long time ago in ref. [15] . These solutions have
and spontaneously break eight of the symmetries of the classical theory. They are (anti)self-dual, that is
and are known as instantons. As first suggested by Gribov instantons can be interpreted as tunneling trajectories linking topologically distinct vacua [16] . In the last 20 years or so there has been an enormous industry relating the presence of these solutions in the non-perturbative QCD vacuum to low energy phenomenology, namely the U (1) A problem and spontaneous chiral symmetry breaking (see ref. [4] and references therein). However, the issue of color-confinement, which should be an important consequence of QCD, has not been satisfactorily settled by the instanton calculus [17, 19] .
For gauge group SU(2), in singular gauge, and for center z = 0 the instanton solution is given as
, and τ a the Pauli matrices. The solution (2) can be obtained as follows [20] . Making the ansatz
the action takes the form
where ρ is some length scale. A BPS saturated vacua interpolation of the theory (4) is
Substituting this into eq. (3), one obtains the solution of eq. (2). Indeed, evaluating the action yields
Another BPS saturated solution to the equation of motion corresponding to (4) is obtained by letting τ → τ + τ 0 in (5). Thereby, τ 0 may be complex as long as the new solution is real. This is necessary to have a real action. Admissible complex shifts are τ 0 = inπ with n ∈ Z. Choosing
Note that (5) and (7) behave identically in the infinite.
For the Yang-Mills potential eq. (7) implies
The corresponding anti-solution (negative topological charge density) is obtained by substitutingη aµν → η aµν . Formally, the action of solution (8) reads
It diverges due to the quartic pole of the integrand at τ = 0 and not due to a diverging integral in the infinite. An infinite action of a classical solution generally is sufficient cause to disregard this solution on grounds of its vanishing contribution to the partition function of the theory. As it will be explained below there is physical information in the solution (8), and hence it will not be dismissed.
The surface of divergence of (8) is the 3-sphere
For this reason it is refered to as spheron throughout the remainder of the paper. Writing the spheron as
it is obvious that away from the singularities the following two sets of conditions are fulfilled
where
The first set expresses the fact that the spheron is in 't Hoofts maximal Abelian gauge (MAG) [6] which leaves a U(1) subgroup of SU (2) unfixed.
Globally, this is mirrored by a minimum of the functional
under gauge transformations [11] if the divergence on x 2 = ρ 2 is cut out (see Section 4). Obeying of the second set of conditions in (11) indicates that the spheron is Lorentz gauged. Restricting oneself to the diagonal component, which is suggested by MAG and Abelian dominance (see for example [21] ), the Lorentz gauge guarantees the minimization of the functional
under U(1) gauge transformations [14] .
Back to the problem of a diverging action: It is argued in the following that our poor understanding of the nature of charged particles in classical electrodynamics must necessary carry over to a classical, Abelian projected SU (2) (and more general SU(n)) gauge theory in which the appearance of localized U(1) charges is expected [3, 6] . The term "poor understanding" refers to the fact that the classical self-energy of a static point charge is divergent. In classical electrodynamics the usual procedure is to constrain the corresponding energy functional to regions of space with a regular behavior of the integrand to produce the observed mass of the associated particle. In the quan- Using eq. (10) and the properties of the η-symbols, one easily obtains
For x 
It is easy to check that the boost T leaves the field strength components E1 and B1 invariant.
the electric charge e is read off as
For B 2 one finds
where the expression in terms of derivatives of h(x 2 ) has been omitted. The "residue" of the Coulomb pole m turns out to vanish. Eqs. (17) signals that e fulfills the Dirac condition with respect to the SU(2) coupling g. Thus it
should be interpreted as a magnetic charge 3 . This can be made manifest by exploiting the following charge rotation symmetry of Maxwell's equations [6] m → m cos α + e sin α , e → −m sin α + e cos α ,
which allows to rotate e into m for α = π 2 . In Fig. 3 the angular distribution of E 2 at three different instants is depicted.
The concentration of field strength in the "northern"
hemisphere at x 4 = −ρ evolves to a mirror symmetric distribution at x 4 = 0. At x 4 = ρ field strength is concentrated in the "southern" hemisphere.
At this point it is worth comparing the above results to the work of ref. [11] . There, an infinitesimal magnetic monopole loop was obtained by looking at singular gauge transformations applied to an instanton in singular gauge.
These transformations were parametrized by a radius scale 3 The corresponding quark doublet would have electric
. of monopole loops in the I-A system using the lattice [11] remains questionable.
Regularized action
In this Section a covariant definiton of the physical spheron action is suggested. For the spheron to be of relevance its contribution to the partition function (or tunneling amplitude in Minkowski space) must be seizable. Moreover, its topological charge is up to the factor 8π 
Setting S s = 8π 2 /g 2 , one obtains τ m = log 3. In units of ρ the minimal distance ξ to the sphere consequently is ξ ≡ exp(τ m ) − 1 ∼ 0.73. For this particular value the MAG functional of eq. (12) yields
as opposed to G M [A] = 4π 2 ρ 2 for the instanton in singular gauge. In Section 5 the cutoff will be varied to test the sensitivity of the static quark potential.
Wilson loop in a dilute spheron gas
In this Section the static quark/anti-quark potential E(R)
is estimated from the rectangular Wilson loop 5 in a dilute spheron gas background and compared to that of a dilute instanton gas for infinite spatial separation R → ∞. All conventions and general results, which do only exploit the localization property of the instanton in singular gauge, can be taken from ref. [17] . There, E(R) was obtained as
P demands path-ordering, D n (ρ) denotes the spheron size distribution in a dilute gas for gauge group SU(n), where quantum fluctuations are included in a semiclassical way.
For R → ∞ one has U − (x+R) → +1. In this limit eq. (22) reduces to
where u ≡ x 2 /ρ 2 . It is assumed here that the integral over spheron and instanton size distributions are identical 7 . Implementation of the covariant cutoff τ m and com- 6 Note that the authors of ref. [17] work in regular gauge whereas here the spheron behaves like an instanton in singular gauge in the infinite, thus limR→∞ U − (x + R) = +1 and not −1 as in [17] . 7 The spheron cutoff is close to ρ for topological charge of order one. A constant factor not too far from unity distinguishes instanton and spheron distributions since there are slightly different scales involved and also due to the low lying nonzero mode eigenvalues of gaussian operators in the respective backgrounds being different (one-loop contribution to tunnelputation of the x 4 integral of eq. (23) yields
Using ε m ≡ exp(τ m ) = 3 from Section 4 and performing the remaining space integral of eq. (24), one has
The result for the instanton in singular gauge is
which implies
Hence, for a cutoff chosen to give spheron and instanton identical topological charge the ρ-independent parts of the integrands are comparable. Setting ξ = 1 and thereby avoiding the problem of slightly different scales in the cut off solution, the number 1.52 in eq. (26) changes to 2.41.
ing amplitude [18, 17] ). There is no easy estimate of these effects, and one would have to perform the one-loop calculation directly along the lines of ref. [18] . Furthermore, the cutoff for the size integrations may phenomenologically turn out to be different for the instanton as opposed to the spheron case. 
